This paper seeks to elucidate the fundamental differences between the nonconservation of potential temperature and that of Conservative Temperature, in order to better understand the relative merits of each quantity for use as the heat variable in numerical ocean models. The main result is that potential temperature is found to behave similarly to entropy, in the sense that its nonconservation primarily reflects production/destruction by surface heat and freshwater fluxes; in contrast, the nonconservation of Conservative Temperature is found to reflect primarily the overall compressible work of expansion/contraction. This paper then shows how this can be exploited to constrain the nonconservation of potential temperature and entropy from observed surface heat fluxes, and the nonconservation of Conservative Temperature from published estimates of the mechanical energy budgets of ocean numerical models. Finally, the paper shows how to modify the evolution equation for potential temperature so that it is exactly equivalent to using an exactly conservative evolution equation for Conservative Temperature, as was recently recommended by IOC et al. (2010) . This result should in principle allow ocean modellers to test the equivalence between the two formulations, and to indirectly investigate to what extent the budget of derived nonconservative quantities such as buoyancy and entropy can be expected to be accurately represented in ocean models.
Introduction

1
The issue of whether potential temperature θ is the most appropriate heat 2 variable to be used in numerical ocean general circulation models (OGCMs) is that the current practice of treating θ as a conservative quantity is signif-7 icantly inaccurate, and to the extent that one should insist in treating heat 8 as conservative in OGCMs, it appears to be significantly more accurate to 9 do so by using CT instead. Since CT is a relatively new quantity, its formal 10 properties have yet to be fully understood, so that the full implications of 11 switching from θ to CT in OGCMs are not all entirely clear. The alternative 12 option -to accept that potential temperature is fundamentally nonconser-13 vative and to modify its model formulation accordingly -has not received 14 attention so far, but needs to be understood to inform the debate about 15 whether to switch or not. The main purpose of this paper is to achieve a 16 deeper understanding of the fundamental differences between the nonconser- Temperature or entropy is now well understood to be a natural consequence of 23 energy conservation, in the sense that were heat to be conservative, total en-24 ergy would be nonconservative and conversely, as shown in Tailleux (2010a) . the particular quantity that one assumes to be conservative for the averaged 53 equations of motion. As an alternative to Tailleux (2010a) , who assumed 54 the latter to be total energy, and to Graham and McDougall (2013) , who 55 assumed it to be a locally defined form of potential enthalpy, one may sim-56 ply assume CT to be exactly conservative, as recommended by IOC et al.
57
(2010), and derive the implied form for the nonconservation of θ. Such an 58 idea will be exploited in Section 5.
59
The main objective of this paper is to clarify the nature of the non- 
where v = (u, v, w) is the three-dimensional velocity field,
is the substantial derivative, P is the pressure, ρ is the density, Φ = g 0 Z is the 96 geopotential, g 0 is the acceleration of gravity, Ω is Earth's rotation vector,
97
S is the stress tensor, Φ = g 0 Z is the geopotential formulated in terms
98
of a constant gravitational potential acceleration g 0 and geometric height 99 Z = z, with z the regular height increasing upwards. Chemical composition 100 is described by the salinity S (which in practice one may assume to be the all nonconservative, they can all a priori be assumed to satisfy evolution 108 equations of the form η(θ, S, P 0 ) = η(T, S, P )
where P 0 is a reference mean atmospheric pressure, and T the in-situ temper- adiabatically to the surface, and thus implicitly defined by the relation
or equivalently as η(h, S, P ) = η(h θ , S, P 0 ), where c 
e.g., IOC et al. (2010), which can alternatively be written in terms of 137 temperature, salinity and pressure as follows:
where c p is the specific heat capacity at constant pressure, µ is the relative salinity and pressure is given by:
e.g., Tailleux (2010a) . How the term T dη + µdS in the enthalpy differential 
where µ R = µ(θ, S, P 0 ) and c R p = c p (θ, S, P 0 ). These relations were first de-
149
rived by Bacon and Fofonoff (1996) 
These two equations correspond to Eqs. (A.14) and (A.15) in Tailleux 
In the above, F h represents the enthalpy flux due to the molecular diffusive 
it follows that
where ε K is the viscous dissipation rate, which is related to the work against 172 the stress tensor in the classical way, e.g., see Landau and Lifschitz (1987 
This can be written in the generic form
provided that F η andη irr are given by
Flux and non conservation of Conservative Temperature. By using (13) and
182
(18), it follows that we have
After some manipulation, it is possible to rewrite this equation in the generic
provided that F Θ andΘ irr are given by
Flux and non conservation of potential temperature. By using (12) and (18),
188
it follows that we have
provided that F θ andθ irr are given by
It is of interest to examine the implications of the above relations for the 194 form of the fluxes of θ and Θ at the surface. Evaluating (25) and (29) at 195 z = 0 yields respectively:
where
is a reduced heat flux that is discussed extensively below, by noting that and that each satisfies a conservation equation of the form
where ρ s = ρS and ρ w = ρ(1 − S) are the partial densities for salt and 
where the salt flux F S is defined by
which establishes that salt flux is only nonzero when v s and v w are different.
225
The boundary conditions for v s and v w have been discussed by several au- spray and gravity waves overturns), they take the form
where ρ w = ρ(T, S, p)(1 − S) is the partial density of freshwater in seawater,
is the density of freshwater. Physically, the condition for 232 salt assumes that no salt leaves the ocean, which is an idealisation, while that 233 for freshwater assumes that the latter enters and leaves the ocean through (38) and (39),
13 which in turn implies the following boundary condition for the salt flux
where dA = dxdy is the flat areal surface element, while dΣ = 1 + ∇ h ζ 2 dA 239 is the elemental area normal to the outward unit vector n, e.g., see Beron- 
Boundary conditions for heat
242
The formulation of the boundary conditions for the surface enthalpy flux 243 due to radiation and latent heat release is straightforward, and given by
where Q sw is the incoming shortwave radiation, Q lw is the sum of the outgoing 
where κ is the molecular diffusion of heat, e.g., Landau and Lifschitz (1987) .
259
It is therefore F q , rather than F h , whose boundary condition is related to 260 the sensible heat flux, viz,
where Q sens is the sensible heat flux. which is illustrated by the transformation
We argue, however, that the above conservative form (46) 
e.g., IOC et al.
(2010). This in turn implies
where the partial derivative with respect to salinity is done at constant temperature and pressure. Making use of the above, as well as of the definition for the salt flux F S = S(1 − S)(v s − v w ), allows one to rewrite the advective enthalpy flux as follows
Using a similar approach allows one to rewrite the advective entropy flux as
The main advantage of (49) and (50) 
which we then use to rewrite the sum of the advective and diffusive fluxes of 286 enthalpy and entropy as follows
These relations are important and more useful, because they more clearly link 
which, as discussed below, greatly facilitates the understanding of the global 295 budgets of the heat variables. 
Insights from global budgets
297
Having clarified the nature of the boundary conditions for freshwater, 298 salt, and heat, it is straightforward to show that the temporal evolution 299 of the volume-integrated entropy, Conservative Temperature and potential 300 temperature must be given by
where T s is the ocean surface temperature,
is the sum of all heat flux components. Note also that the symbol S in the to be included into precipitation, and will not be explicitly mentioned again).
311
By considering a sufficiently long time average of the above budgets that 312 approximately statistically steady-state conditions can be assumed to hold,
313
the following constraints on the nonconservative terms are obtained
Assuming that precipation (including run-off) balances evaporation globally, 317 each of the term involving (P − E) can be written in the form
where M E is the total mass flux due to either precipitation or evaporation
319
(assuming the two balance) in kg/s, and ∆Q = Q P − Q E is the difference 320 between a representative value of Q for precipitation and Q E a representa- 
Before examining the implications of the above results, it is useful to recall sum of kinetic energy and gravitational potential energy), which leads to:
where the term B represents the classical thermodynamic work of expan-343 sion/contraction, whereas D(KE) denotes the total viscous dissipation. 
which states that the total nonconservative production of Conservative Tem- previously, the nonconservative production of Θ is the sum of two parts, one 352 related to molecular diffusive processes, one related to viscous dissipation.
353
We are primarily interested in estimating the former, which is the part pri- and which we denote byΘ diff irr . This leads us to rewrite (68) as follows:
Now, from the mechanical energy balance (67), we can eliminate W mech in 357 favour of the overall compressible work of expansion/contraction B and total
358
viscous dissipation D(KE), which yields:
where the term involving viscous dissipation can be neglected owing to the 
In Boussinesq ocean models with a realistic nonlinear equation of state, den-379 sity is nonconservative, and obeys an equation of the form:
where F ρ it the diffusive flux of density due to the turbulent mixing of tem-381 perature and salinity, whereasρ irr represents the effects due to the nonlin- 
The first term is positive and is associated with the classical result that mix- 
392
(71) can equivalently be rewritten in the following three equivalent forms:
which can all provide the basis for estimating B using OGCM results, as 
A priori estimates of nonconservative entropy production
408
The second law of thermodynamics imposes the nonconservative production of entropy by molecular diffusive processes and viscous processes to be strictly positive. In a steady-state ocean, internal entropy production must be furthermore balanced by export of entropy by surface heat and freshwater fluxes. This can be expressed as:
where 1/T in is the weighted average of 1/T restricted to regions where Q net > 410 0, and 1/T out the weighted average of 1/T over regions where Q net < 0. In the 411 ocean, the mechanical power input W mech is strictly positive, while heating 412 takes place on average at higher temperatures than cooling, as is expected 413 from a heat engine (see related discussion by Tailleux (2010b)) so that
414
(T in − T out )Q in > 0. As a result, the right-hand side of (75) is also strictly 415 positive, and therefore in agreement with the second law.
416
As for Conservative Temperature, it is useful to separate the diffusive and 417 viscous contributions to the nonconservative entropy production, viz.,
where the 'viscous' temperature T ε is defined so as to make the above equality exact, e.g., see Tailleux (2010b) . By using the mechanical energy balance 
To arrive at (77) 
We can use published estimates of entropy production by surface heat fluxes 429 to convince oneself that this inequality must indeed be satisfied in the ocean. We now apply the above ideas to the problem of deriving a priori estimates for the nonconservative production of potential temperature, which leads us to rewrite (65) as follows:
where c 
where we defined the quantity c R p,ε via the relation:
26
As a result, we obtain the following expression for the diffusive part ofθ irr :
where the approximation was obtained by neglecting the term proportional 
Physically, this constraint requires that the weighted averaged heat capac- In this section, we use freely available climatological datasets to estimate 507 the two surface integrals one that is unbalanced, and another one that was balanced using an inverse 533 method.
534
To assess the role of imbalance in heat flux products, we write the net 535 heat flux Q net = Q+Q as the sum of a constant spatially uniform component
536
Q plus a componentQ that integrates to zero. The entropy integral (83) thus 537 becomes:
where T is the geometric average of the surface temperature, whileQ in and Q out are now defined to balance exactly, i.e., to satisfyQ in =Q out , with A oc the surface area of the oceans. Here, the imbalance in the NOCS 1.1a heat flux product is of the order Q ≈ 5 W.m −2 , so that
In the present case, the imbalance in the heat flux product is so large that 539 if retained, it would be the term dominating the entropy budget. In reality,
540
we expect the contribution fromQ in andQ out to dominate.
541
We can try to anticipate the results of observational computation by using 542 scaling argument, based on using the following typical valuesQ in = 2.10 15 W, to decompose the total temperature T = T +T into a mean and perturbation 548 part, in order to approximate entropy production as
which shows that the diffusive part of entropy production is primarily con-
550
trolled by the degree of correlation between the surface heat flux and the 551 surface temperature anomalies. Fig. 2 shows the spatial map of the leading 552 order term −Q/T and the second order termQT /T 2 in entropy production.
553
The leading order term is a rescaled version of the net heat flux depicted in Leaving out the unbalanced part of the heat flux, (84) becomes:
so that fundamentally, the non conservation of potential temperature arises result. To that end, we can use a Taylor series expansion to write:
where c p = c p (T , S, P 0 ), which in turns yields: in current OGCM formulations by the following ones
where N.C. denotes additional nonconservative effects discussed below, with 601 corresponding changes required for the radiative and latent heat fluxes, and
602
K a vertical turbulent eddy diffusivity.
603
In order to fully specify the form of the potential temperature equation hence governed by
(with additional terms required to handle radiation and latent heat release 
